A hybrid state feedback control law for nonholonomic chained systems is proposed. It is shown that the control law yields global asymptotic stability and global robustness against a class of small measurement errors, actuator noises and exogenous disturbances.
Introduction
The problem of asymptotic stabilization of chained systems has been widely studied in the last decade and several control laws, yielding diverse asymptotic properties, have been proposed, see [12, 7] and references therein. It is therefore fair to conclude that the stabilization problem is well understood from a mathematical point of view, and that various design tools are available for applications. On the contrary, the robust stabilization problem for nonholonomic systems is not yet completely solved. Several attempts have been made to study the robustness properties of existing control laws or to robustify given controllers [2, 11, 6] . Most of the robust stabilization results and investigations focus on the problems of parametric uncertainties or model errors, see e.g. [13] where the problem of local robust stabilization by means of time-varying control laws have been studied; [6] , where a similar problem has been addressed using the class of discontinuous control laws introduced in [1] , and [5, 13] , where several types of hybrid control laws have been used to achieve local robustness against unknown parameters or unmodelled dynamics. On the other hand, the fundamental problems of robustness in the presence of sensor noise, external disturbances and actuator disturbances have been only partially addressed, see e.g. [2, 21] . These problems are of special interest and relevance whenever discontinuous control laws are employed, as for such control laws classical robustness results and Lyapunov theory are not directly applicable. Note that, discontinuous control laws yield (at least in the ideal case of known parameters, zero disturbances and no unmodelled dynamics) superior convergence properties then time-varying control laws. However, most of the existing discontinuous control laws are nonrobust against exogenous disturbances and measurement noise. Hence, it makes sense to study the robustness properties of (a class of) discontinuous control laws and to discuss possible robustification procedures. Following the line of research started in [1] , we make use of a special class of discontinuous control laws, and we show how, adding a proper modification together with a hybrid variable, it is possible to obtain a closed-loop system with global stability properties and which is globally robust against a class 1 of measurement noises and exogenous disturbances. The controller construction proposed in the present paper takes inspiration partly from the results in [16] , and partly from the results in [21] . In the former, a hybrid control law achieving robust stabilization of the so-called Artstein circle has been proposed; whereas the latter provides some basic tools to construct two control laws, the so-called local controller and global controller that, together with the hybrid dynamics, yield a robust closedloop system. Note finally, that the main result of the paper relies on the general results in [15] , which is however not directly applicable because of the special nature of the system considered. The robustness property that is investigated in the sequel is strongly related to the notion of ISS [18] . Namely, it is assumed that the measurement noise and the external disturbances are upper bounded by functions of the state vanishing at the origin. Moreover, these functions have to be sufficiently small. As a result, the closed loop system will possess a sort of ISS property with restriction, i.e. the zero equilibrium retains its stability properties for all sufficiently small and vanishing perturbations. In this paper we focus on n-dimensional chained systems with two controls, namelẏ
and we address the problem of robust stabilization in the presence of measurement errors, external disturbances and actuators errors. Note that the main results of the paper can be applied to the much more general classes of systems considered in [6, 8] , however, for simplicity we do not pursue such generalizations. Chained systems are asymptotically controllable, thus, by the general results in [17] , there exists a hybrid feedback rendering the origin a robustly globally asymptotically stable equilibrium. In the present work such a feedback is explicitly constructed and it is shown that only a finite number of hybrid variables is needed in the construction.
The paper is organized as follows. In Section 2 the class of controllers used in the paper is introduced and the notion of solution of the resulting closedloop system is discussed. Section 3 presents the main result of the paper, while in Sections 4 and 5 a control law robustly stabilizing system (1) is described. Finally, Section 6 contains some illustrative simulations and Section 7 summarizes the main contributions of the work and points to some open problems and future research directions.
Class of controllers and notion of solutions
In this section we introduce the notions of controller and of solutions of differential equations that will be used throughout the paper. The controllers under consideration admit the description (see [20, 3] )
where s d evolves in the finite set {1, 2}, k :
is defined, at this stage only formally, as s
. For this to make sense, we equip {1, 2} with the discrete topology, i.e. every set is an open set. The above controller is hybrid due to the presence of the discrete dynamics of s d . It gives rise to a non-classical ordinary differential equation describing the dynamics of the closed-loop system. In particular this system is infinite dimensional since to evaluate s − d (t) at time t, we need to know the past values of s d (t). Denoting with f :
the function defining the right hand-side of the differential equation (1), we can rewrite (1) aṡ
In this paper we are interested in a notion of robustness to small noise. To this end, consider three functions
, and continuous in x ∈ R n for all t ∈ [0, +∞).
We introduce these functions as a measurement noise e, an actuator noise a and an external noise d and define the perturbed system with u given by equation (2), i.e.
As noted in [9, Remark 1.4], we can omit any explicit reference to actuator noise because f is locally Lipschitz. Therefore, in the following, we suppose that a(x, t) = 0 , for all x in R n and for all t ≥ 0, and we study the perturbed systeṁ
(5) The notion of initial condition for system (5) is discussed in details in [3] . Given an initial condition (x 0 , s 0 ) in R n × {1, 2} and T > 0, the Cauchy problem under consideration in this paper is given by (5) with the appropriate initial conditions. However, for this to be meaningful, we have to make precise what we mean by solution of the corresponding differential equation. To this end, we adapt the definition of [3] to the present context of a perturbed hybrid system (see also [4, 10, 20] ). Hence, we rewrite the definition given in [16] and we introduce a non-empty set RC strictly included in R n × {1, 2}.
, and a non-empty set RC strictly included in R n × {1, 2}, we say that (X, S d ) is a solution, starting from (x 0 , s 0 ), of (5) on [0, T ) if the following holds.
1. The map X is absolutely continuous on [0, T ).
2. For almost all t in [0, T ), we havė
In this context the definition of global asymptotic stability can be given as follows (we denote the usual Euclidean norm by |.|).
Definition 2.2 Let e, d be two functions satisfying our standing regularity assumptions. The origin of the system (5) is said to be a globally asymptotically stable equilibrium on R n if the following three properties hold.
• The system is complete: For every (x 0 , s 0 ) in R n × {1, 2}, there exists a solution of (5) starting from (x 0 , s 0 ). Moreover all maximal solutions of (5) are defined on [0, +∞).
• Global stability: There exists δ of class K ∞ such that, for all ε > 0 and for all (x 0 , s 0 ) in R n ×{1, 2} with |x 0 | ≤ δ(ε) and for all maximal solutions (X, S d ) of (5) starting from (x 0 , s 0 ), one has |X(t)| ≤ ε, ∀t ≥ 0 .
• Global attractivity: For all r > 0 and for all C > 0, there exists T = T (r, C) > 0, such that, for all (x 0 , s 0 ) in R n × {1, 2} with |x 0 | ≤ C and for all solutions (X, S d ) of (5) starting from (x 0 , s 0 ), one has |X(t)| ≤ r, ∀t ≥ T .
As we are interested in a notion of robustness with respect to small noise, we complement the above definition with the usual notion of robustly stabilizing controller, see [19 
for all x = 0, and such that for any two functions e and d satisfying our standing regularity assumptions and
for all x in R n , the origin of (5) is a globally asymptotically stable equilibrium on R n as characterized in Definition 2.2.
The notion of robustness introduced in Definition 2.3 can be interpreted in the framework of the notion of ISS. As in the case of ISS, Definition 2.3 requires that asymptotic stability of the zero equilibrium is preserved for all disturbances which are upper bounded by a function of the states and vanishing at the origin. However, as the function ρ(x) is not radially unbounded, we do not have ISS in the classical sense, but a weaker property, namely ISS with restriction. This also implies that, if the disturbances are not vanishing but simply sufficiently small, then asymptotic stability is not preserved (actually the origin may not even be an equilibrium), but the state of the closed loop system remains bounded. This property is also illustrated by the simulation results in Section 6.
Main result
In this section we state our main result, namely a theorem showing that the problem of global robust stabilization, in the presence of small measurement and external noises, is solvable.
Theorem 1 There exists a continuous function ρ : R n → R, such that we have (6) , for all x = 0, and a globally asymptotically stabilizing controller (k, k d ) for the system (5), and for all perturbations e, d satisfying our standing regularity assumptions and (7).
To prove Theorem 1 we need to define two controllers, which are called the "local controller" and the "global controller", respectively. We define the local controller in Section 4.1 and the global one in Section 4.2. Finally, we join the domain of definition of this feedbacks by means of a hysteresis, as detailed in Section 5. The formal proof of the theorem is technical and it is not included in the paper.
4 The components of the hysteresis
The local controller
In this section we define the "local controller" and we give some properties of the Carathéodory solutions of (3) with such control law. Consider the system (1) and the control u l : R n → R 2 defined by
with the p i such that the matrix
is Hurwitz. A simple analysis shows that the eigenvalues of the matrix A can be arbitrarily assigned by a proper selection of the coefficients p i . Let P = P T > 0 be such that A T P + P A < 0 and let z be a variable in R ∪ {+∞} defined by
for all x in R n , with Y ∈ R n−1 defined by
for all x in R n , x 1 = 0.
Let e and d: R n × [0, +∞) → R n be two perturbations satisfying our standing regularity assumptions.
The closed-loop system in consideration in this section is the systeṁ
It has been proved in [1] that the closed-loop system (1)- (8) admits a unique Carathéodory solution for any initial condition x(0) such that x 1 (0) = 0, and that if σ(A) ⊂ C − , such a Carathéodory solution converges exponentially to zero. A similar result holds for the perturbed system (12), as expressed in the following statement.
Lemma 4.1 There exists a continuous function ρ l : R → R satisfying
such that for all e, d: R n × [0, +∞) → R n satisfying our standing regularity assumptions and
for all x in R n , and for all x 0 satisfying |z(x 0 )| ≤ k, there exists a Carathéodory solution X of (12) starting from x 0 and all such Carathéodory solutions are maximally defined on [0, +∞) and satisfy |z(X(t))| < k, for all t > 0. Moreover there exists a function δ l of class K ∞ such that, for all ε, r and k, and for all x 0 satisfying |x 0 | ≤ δ l (ε) and
Remark 4.2 Lemma 4.1 states that, for any k > 0, the region |z(x)| ≤ k is robustly forward invariant, i.e. it is positively invariant in the presence of a class of measurement and external noise. Moreover, any trajectory in such a region converges exponentially to the origin. Note that a simpler and local version of Lemma 4.1 has been given in [21] . 
The global controller
In this section we define the second component of the hysteresis, which is called the "global controller" and is denoted by u g . Moreover we give some basic properties of the Carathéodory solutions of the closed-loop system (3) with such a control law u g . Let µ > 0 and consider the control law u g defined on R n by u 1g = sign(x 1 ) ,
where we use the somewhat non-standard definition of the sign function
The closed-loop system in consideration in this sec-
and for such a system the following statement holds.
Lemma 4.3
There exists a continuous function ρ g :
such that, for any initial condition, all perturbed systems (17) , where e and d are two functions satisfying our standing regularity assumptions and equations (7) with ρ = ρ g , admit a unique Carathéodory solution, defined for all t ≥ 0. Moreover there exists a function δ g of class K ∞ such that, for any ε > 0 and for any k > 0, there exists a time T g = T g (k, δ g (ε)) such that, for all Carathéodory solutions X of (17) with initial condition x 0 with |x 0 | ≤ δ g (ε), one has |z(X(t))| ≤ k for all t ≥ T g , and |X(t)| ≤ ε for all t ≥ 0.
Remark 4.4 Lemma 4.3 states that, for any k > 0, the trajectories of the system (17) enter the region |z(x)| ≤ k in finite time, while remaining bounded. 3
Definition of the hybrid controller
In this section we define the hybrid controller, robustly stabilizing system (1), by using a hysteresis to join the controllers defined in Sections 4.1 and 4.2. To this end, for any strictly positive real number k, we define the subset Γ k of R n as Γ k = {x, x 1 = 0, |z| < k} , where z is defined by (10) . Let k 6 > · · · > k 1 > 0. For simplicity, in what follows, for all i ∈ {1, . . . , 6}, we define Γ i := Γ ki .
The hybrid controller (k, k d ) is defined making a hysteresis between u l and u g on Γ 5 and Γ 2 , i.e.
and
Remark 5.1 The function k d makes a hysteresis between the controllers u l and u g on appropriate subsets of R n . 3
Simulations
In this section we present a few illustrative simulations for the case of a three dimensional chained system. In all simulations the constant k 2 and k 5 , which are used to define the dynamics of the hybrid variable have been set to k 2 = 3/2 and k 5 = 3, the eigenvalues of the matrix A in equation (9) have been placed at (−1/4, −1/2), the constant µ in equation (15) has been set to −p 2 = 3.75,and the matrix P has been computed solving the Lyapunov equation A T P + P A = −I. Figure 1 shows the state histories, control signals, the variable z defined in equation (10) , and the history of the hybrid variable s d starting from the initial condition x(0) = (0, 1, −1) and without any disturbance or measurement error. Note that the the variable z is monotonically decreasing, the hybrid variable switches from 2 to 1 and remains constant afterward, and the states converge exponentially to zero. Non-nominal simulations have been run to illustrate the performance of the closed loop system in the presence of measurement errors and exogeneous disturbances. Rather then considering vanishing perturbations, we have considered non-vanishing, but small, perturbations, to highlight the ISS with restriction property of the controlled system. Figure 2 shows the behavior of the closed loop system in the presence of a constant bias in the measurement of x 1 , i.e. the controller measures x 1 + e 1 , with e 1 = 0.1. Note the convergence of the trajectories to a neighborhood of the origin (depending on the size of e 1 ) and the nonmonotonic behaviour of z. Finally, Figure 3 shows simulation results in the presence of a constant exogeneous disturbance acting on the last state of the chained system, i.e.ẋ 3 = x 2 u 1 + d 3 . In this case the trajectory remains bounded but is not converging to a constant value. This is in agreement with the non-robustness result established in [2] .
Conclusions
The problem of global robust stabilization of nonholonomic chained systems in the presence of sensor noise and external disturbances has been addressed. It has been shown that the problem is solvable by means of a simple hybrid control law, i.e. it is possible to achieve global asymptotic stability of the zero equilibrium in the presence of (small) perturbations vanishing at the origin. The proposed control law is very simple and can be easily implemented in practice. Note that, in the absence of perturbations, the control law guarantees exponential convergence to the origin and retain some of the basic properties of the discontinuous control laws proposed in [1] , namely exponential convergence rate and lack of oscillatory behavior. The results presented in this paper are based on the general theory developed in [17] . However, the theory in [17] is not constructive, i.e. it cannot be directly used to design robustly stabilizing control laws for a given system. In this respect, the main contribution of this work is to show that, for a large class of nonholonomic systems, a robustly stabilizing control law can be explicitly designed, and it is possible to obtain explicit bounds on the admissible perturbations. It is worth noting that, to the best of the authors' knowledge, and with the exception of the result in [16] , which applies to a special low-dimensional system, the main result of the paper is the first application of the general theory in [17] ISS sense is still open. This problem may be addressed using more complex hybrid controllers, i.e. controllers with several hybrid variables. Applicability of our methodology to the class of dynamic nonholonomic systems, as studied in [8, 6] , is under investigation, although no conceptual difficulty arise in this extension. Finally, robust stabilization of the zero equilibrium by means of dynamic output feedback controllers is a much more challenging problem, which is currently under investigation.
